
Chapter 13 .Existence ,
Uniqueness and stability

of Stochastic nontinear differential equations

with piece wise constant arqu ments [ S EPLA),
( SEPCA )

duut ) = f (t, tt) , * Pt) (xcrt
))) dt d ch 12

t glt , (t ) , λ Pit ,
(x (rit)) ) d ω (t )

x (to) = o ,

e (t)
:

piece wile K = EK ) .
int ε [ 다,비네)

rct ) con , tant . , = E tx 3.

ㆍa )
,

t ε tto , t , ) ⇒ β (t ) = 0

rit) = to ,

x
h .

∞
0

아 ⑥rθ

too
.

'

tr t

to la (t. l ) λ(x (t) )

λ
,
( x (e ))



For t ε Ito, t) .
,

We can write

기) = λ
0

f StoflS ,ks) , Nc (xltulll ds
( 13 .

3 )

t It
.

t

gls,s .( s) , ykxu ) )] dW (S.

I
.
Existence

. I Lincor growth of f
, a)

2
.

com parison method

3 .
stability Anaty 5is .

Def . 13 . 4
.

A stochastrc proces. x ,
la, b) * 12

solution of [ SEPCA) Tf

i)
,

x (t) s conti , Ft - adaptted
.

HtElaib) [ Def 2. 26

ii ) t ( t , ut) , talx ( tol)] ε Lad( 2, LI (a. b) )
in P 32 )

FE - adar ted .

q ,(tlt,가기너),④ ) , to ( altk) l ) ε Lad (2 , 'laib )] sandhe path

iri ) ( 13. 3) holds .

w
. p , A

.

Lp inteqrable ,



Def . 13 . 3
.
Ft - adapted

.
inteqrable process X (t)

.

is

martingale .
ww. rit filtration 는 Ft 3 t 2 . if .

conditionol expeetioon of
E [ X )1

.

Fs ] = X ( s )
neat futanre value

is equal to present

Valme
.

poob
'

s mar tiongale in equolity.

Let .
Xlt) : martingale . ,

P > 1 .
* (← ) ε (" ( 2, ⑫

"

)

E [ t
때, |1

×너기 ] ≤ (+)
↑

ㆍ대 × ( b개
↑ 그

Borl - Can telli' s lemna .

If
.
EAK ), ( F and. 이

(

P( AlcI < o , then
.

IP (l 행 ↑ Aa ) = 0



13 . A
.

Exis tence I Uniqueness of olution
.

Thm 13 . L Assume
.

( AA 17 f
, a qrow linearly :

II f / tim*) (
2
t | ( g(t ×1$

2 ≤ L . ( ( 4+ 11 ×12)

() f, f ' : baltip schitt :

II fI tix, " ) - fltnunyl /r t llglt ,Uiy,) - alt ar , n)1 /2

≤
.

L2 ( 11 µl" + 11×. y1↑ )
,

Then ( SEP ( A) has umque solution
for t 2 to

.

Proof )
, 3 li ( t , - toiy ( tirto )

( stepA ,
, mvnmarm; E [ lmit)x? ] ≤ C 2 e

( we will define lan thy sequence) for t ε [to
,
ti .

( step 2 ) ε [IK기에( θ ) n( )|⑫ ] 느 " 비이크?( e ; toeaternined
.

)

(stes 3
)

.h
.

inct ) n (t )

Hote . An = δ h saneu -dn= Te. :tt → o .

but m
.dhn

→.



Fon t ε [to , ti ) , me define
.

x
.
(t 9 p

0

(빠) = x
0
t St

.

t

fls
,
"y ( s ) , to ( m,( t. )) ) ds

{
n( o ) . 다

.It. t
y

es ,mell ) , totranrltoll ) dwisg

트n| 리 ] 드3 태그

+ 3 ㆍ [ llA
.

t t (" , … ) as ?

t , ㆍ [ ISt
yls ." ) dwu )p I

≤ 3 E 대바이 그

t 3 (tr -t . ) E [ltot ifls . , .) s ] Holder in t .

t 3 Itt
E

[ Iq ( .. . . p
I dt . Itoilonetu,

≤ 3 ㆍ [이P] + 3 ( +.-t . )
t.

"

[[ , ( # Iㆍ[ 가머너개?
생략 ] I E [ . ⑪( x(t. ) ] 6β ] ]]

t 3t ( * I ㆍ[가메너]+ ㆍ [ .(m(t ) )↑ ]



드 C
,
+ 3 ⑭ 바+에 ; ↓ '

E

[
기에 () |↑ ] 69

.

=) ma. E lInn )↑ ] ≤ ( r + 3 L(t-t . +
대

)

,없다
.lt
.
↓ 'ㆍ따빙sEnkp

By the. Gronwall ine quality

3 li (ti -toul (tt. )

,

m

웠nmanm
' ,ㆍ

[
Um +)↑ ] ≤ C 2 e

( Stepr ) we ue the. indac tionarqumenε .

When nE O .

ㆍ 네) - . 타 ) /1 ' ] 스 2 lSa. [f( s ,. ( 1, λ .( ".( t.l )) ds 1 ' ?

t 2 E [ I St
.

t

q (s . 비.ca)
,
.
(
x .(∞)) )

.

dwa기? ]

≤ 21 (t-t. ) ( 1 et- to)
1

× . [ 1+ "] + ↓ .( . 이 1↑] ]
= C

.

Assune
. n E k holds

.

when na kel
,



F 에- "

세값「이에-,무다
,

나지
"어에]

Ane , ( t ) f 씨 Itot Aneg ( s d α

= MSt
. t(

?' ds

=

"

(
5-t .) ] ne
.

( ste , 3 ) ( stest implies )

ㆍ ( Stlt ,Huny ) . nnlt ) !p ) ≤ -
tt

IPI
.
t( t . I

1 마, (← ).t > n ] 스 )"

By Borel - Lantelli
'
, lemma .

( up IIlnnent,lt): ≤

2
n

toktlt ,



내 ) = %) 이 했. 미케비outhisaqunu .
there exists limit point .

⇒
lin IIla(ta xlt)r

→ O

nsw

ut)

_

f!…나이
매

'

s E L
,
ltrtotl ) /

.

"

E [ U π (s ) -alsl↑ Ids



13 .
2 com parrson me

thod
.

Thm 13 , 2 Assume
.

①) . fFor any Koo,, t .
.

,
N E (
li
" ( ttu,t, ) × Hm : 111 )

V is bounded below &

니 "
.

..

itm,

rame
,
ro

.
. 슈음!

에

tic : concave function

⑤) i ( t) e hIt, ult) , r) t ε [ tn, tu )

a (to) = .

has matjonol solutien b ( t: to, 다 o) forall tzto .

=⇒ E V (t.. . ) 그. implies E [Ut ,x] 2 ≤ /t : to,.p



13. 3 Stability Analy sis
.

Thm 13 . 3 .Supporethesane assuompbon of Thm 13
. 2

.

Let Ia, bEk S .t

b ()≤ V 까 )ε aL 내),

Than stability property ofUimply

strbilit, of = o of ISEPCA)
.


